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The exercises in this booklet are intended to give further practice, should 
you require it, in handling the main mathematical ideas in each chapter of 
M8221, Block C. The exercises are ordered by chapter and section, and are 
numbered accordingly: for example, Exercise 3.2 for Chapter C1 is the 
second exercise on Section 3 of that chapter. 


Exercises for Chapter C1 


Section 1 


Exercise 1.1 
(a) Consider the function A(z) = x? + 32. 
(i) Show that if h # 0, then 
see) =2eth+3. 
(ii) Hence determine k' (xr). 
(b) Consider the function f(x) = * (x #0). 
(i) Show that if h 40 and «+h #0, then 


f(w@+h)— f(x) _ (3a +3ah +h?) 
h oa + B28 


(ii) Hence determine f’(«). 


Exercise 1.2 

(a) Given that f(x) = 24/9 write down 
J'(2), #"(w) and f(z). 

(b) Given that y = cos, write down 
dy &y dy ty 


dz’ dat? dad Oo Get 


Section 2 


Exercise 2.1 

(a) Given that f(x) =4/z—3sina (x > 0), 
find f'(x). 

(b) Given that g(t) = 2e' + 3int (t > 0), 
find g(t). 

Exercise 2.2 

Use the Product Rule to differentiate each of the 

following functions. 

(a) f(z) = (23 —8r*/? +2) cosz 

(b) g(t) = (2t* +sint) tant 

(©) Alz) = (07 =2745- =) & 

x 


(d) f(@) =0° ne 


Exercise 2.3 


Use the Quotient Rule to differentiate each of the 
following functions. 


x’ +5a5+1 

(a) {al= 
(c= ate 
_ 1 +cost 
(UM sint 


Exercise 2.4 

Differentiate each of the following functions. 
(a) k(x) = (x? — 3x + 4)(x? + 22 — 1) 

(b) g(t) = Intcos(3¢) 


(©) 0) = ge 
@) fe) = te 
(e) Ka) = = 
Exercise 2.5 


Use the Composite Rule to differentiate each of the 
following functions. 


(a) k(w) = cos( Vx) 
(b) k(x) = Yeosx 
(c) k(x) =e"? 

(d) k(x) = sin(«*) 
(e) k(x) = tan(In«) 


Exercise 2.6 
Differentiate each of the following functions. 
(a) f(t) = cos*(3t) In(5t) 


ee 
0) f@)= aap 


(e) f(a) = sin ((2? + 4)e) 
(d) f(t) = et/sine 


Exercise 2.7 


(a) Use the Inverse Rule to pnd the derivative of 
(x) =arcsin(2x), for —} <a < }. 

(b) (i) Given that y = aenereist use the Inverse 
Rule to find dy/dz. 
(ii) Confirm your answer by using the derivative 
of arctan and the Chain Rule. 


Section 3 


Exercise 3.1 

Sketch the graph of each of the following functions. 
3r—-8 

(a) f(z) = ark 
2? +1 

(b) k(z)= 3 


(c) h(a) = 2° — 9x 


(d) g(x) = (a? — 5)e*/? (You may assume that. 
g(x) + 0 as x + —0o.) 


Section 4 


Exercise 4.1 
(a) Consider the function f(«) = x + 3x* — 2, 
(i) By evaluating f(—3) and f(—2), show that 
the equation f(«) = 0 has a solution in the 
interval (—3,—2). 
(ii) Show that for this function f the 
Newton-Raphson formula in equation (4,1) can 
be expressed as 
2x3 +322 +2 
= =0,1,2,...). 
Salta Holy ee ee 
(iii) Use your calculator to find the first five 
terms of the sequence z,,, when the initial term 
is tq = —2.5. 


Tah 


(iv) Check that the final term calculated in 
part (iii) is indeed a good approximation to a 
solution of f(a) = 0. 

(b) Consider the function f(a) =e" — 33 
(i) By evaluating f(0) and f(1), show that the 
equation f(x) = 0 has a solution in the 
interval (0, 1). 

(ii) Show that for this function f the 
Newton-Raphson formula in equation (4.1) can 
be expressed as 
"(tn — 1) 
ee —3 

(iii) Use your calculator to find the first five 

terms of the sequence z,, when the initial term 

is To = 0.5. 

(iv) Check that the final term calculated in 

part (iii) is indeed a good approximation to a 

solution of f(x) = 0. 


Tnr41 = (n =0,1,2,...). 


Exercise 4.2 
(a) Consider the function f(x) = x — 32-3. 


(i) By evaluating f(1) and (2), show that the 
equation f(z) =0 has a solution in the 
interval (1,2). 
(ii) Show that for this function f the 
Newton-Raphson formula in equation (4.1) can 
be expressed as 
_ se, +3 
Int = a3 


(n =0,1,2, 


(iii) Use your calculator to find the first five 
terms of the sequence :c,,, when the initial term 
is a = 1.5. 
(iv) Check that the final term calculated in 
part (iii) is indeed a good approximation to a 
solution of f(a) = 0. 
(v) Find a value of ao for which the 
Newton-Raphson method fails for this 
function f. 

(b) Consider the function f(x) = je + cos 2. 
(i) By evaluating f(—2) and f(—1), show that 
the equation f(x) = 0 has a solution in the 
interval (—2,—1). 


(ii) Show that for this function f the 
Newton-Raphson formula in equation (4.1) can 
be expressed as 


pi es (n=0,1,2,...). 
siNty — 5 
(iii) Use your calculator to find the first five 
terms of the sequence x,,, when the initial term 
is ro = -1.5. 

(iv) Check that the final term calculated in 
part (iii) is indeed a good approximation to a 
solution of f(x) = 0. 

(v) Find a value of x for which the 
Newton-Raphson method fails for this 

function f. 


Tri = 


(vi) Generalise your result in part (v) to give a 
number of initial values xo for which the 
Newton-Raphson method fails for this 

function f. 


Exercises for Chapter C2 


Section 1 


Exercise 1.1 


Use the table in the Handbook and the Sum and 
Constant Multiple rules to find each of the following 
indefinite integrals. 


(a) [oo + cos(4xr)) da: 

(b) fo —sin(5t)) at 
4 

(©) | mat 


w f(232)« 


Exercise 1.2 


Evaluate the following definite integrals, giving your 
answers to 4 decimal places. 


(a) [ce —€**) dr 


(b) ” os (3t) dt 


ar 
©) if ae 
aa VI- we 


1 
(a) [ e!/? dt 
0 


Exercise 1.3 


(a) (i) Explain why the graph of f(x) =x!” is 
above the x-axis for all values of x in the 
interval [—3, —2]. 


(ii) Find the area under the graph of f(z) = «!° 


from x = —3 to x = —2, correct to the nearest 
integer. 


(b) (i) Explain why the graph of y = sin(5z) is 
above the x-axis for all values of x in the 
interval [x/15, 2m/15]. 


(ii) Find the area under the graph of 
y =sin(5z) from x = 7/15 to x = 27/15. 


‘3 
(c) (i) Find the values of if (e*/? — 1) da and 
2 


2 
th (e*/? — 1) dx, correct to 4 decimal places. 
a 


(ii) Which of the integrals above represents the 
area bounded by the graph of y = e*/? — 1, the 
a-axis and the stated limits for x? 


(iii) Calculate the area bounded by this graph, 
the x-axis, c = —1 and x = 3, correct to 4 
decimal places. 


(d) Sketch the graph of the function f(x) = cos(2r) 
between x = —1/2 and x = 7/2. Using the fact 
that the area bounded by the graph, the z-axis 
and the given limits for x is 4 times the area 
bounded by the graph, the x-axis, « = 0 and 
a = 7/4, show that’ the area bounded by the 
graph and the z-axis between x = —7/2 and 
n=7/2is 2. 


(e) Sketch the curve y? = 4x from x =0 tor =9. 
Using your sketch to help you, find the area 
bounded by the curve and the line x = 9. 


Section 2 


Exercise 2.1 


Use integration by parts to find each of the following 
indefinite integrals. 


(a) / ecos(3x) dx 
(b) [resin ($2) ae 
(ec) [ vin) de 

Exercise 2.2 


Use integration by parts to find each of the following 
definite integrals correct to 3 decimal places. 


1 
(a) ve" da 
0 


n/a 
b i di 
(b) [zn r 
(c) [Fe n(4a) ae 
1 


Exercise 2.3 
Find the following integrals. 


fa) / asin (Ba) de 
(b) [et costa) ae 
(c) [etsin(s2) ax 
(d) [?incae 


Exercise 2.4 


Evaluate the following integrals, correct to 4 decimal 
places. 


1 
(a) [ eed 
0 
/4 
(b) oH e/2 cos(2x) de 
0 
4 
() if soars 
1 


Section 3 


Exercise 3.1 


Use integration by substitution to find the following 
integrals. 


(a) : ae" de, taking u=2° 
(b) Vi e*sin(e®) dx, taking u = 2° 


(c) [eo — 20°)" de, taking u = 1-207 


d = dx, taking u=2-2° 
2-26 


Exercise 3.2 


Use integration by substitution to evaluate the 
following integrals, giving your answers correct to 
4 decimal places. 


A 
(a) [ x(2a* +1)!/7 de, taking u = 2a? +1 
0 
at 244 
(b) ‘) xe” *3 dx, taking u=a? +3 
0 


WS : 
— taki = ti 3a 
(©) | Tapa dey taking w= aretan(32*) 


*/? cosa sina 


(d) dx, taking u=1+sin? x 


fo «1 +sin?x 
Exercise 3.3 


Use integration by backwards substitution to find the 
following integrals. 


(a) | qui tating x= 4(u+1), where 
u=3r-1 
u=(2+1)? 


G) PES Seno eoerenorcine 
= 


oF < 
(d) f ase dx, taking « = tanu, where 
u=arctana 


6 


Exercise 3.4 


By choosing an appropriate substitution, find each of 
the following integrals. 


(a) J ssi) ae 
(b) i cos’ (2x) sin(2x) da: 
©) [eva=Tde 
(a) fe cos(er) ax 


Exercise 3.5 


Find the following integrals, using any appropriate 
method. 


(a) [ #sin(ae') de 


(b) J ssin(62) dx 


3 
(c) lz» =a dr 
Exercise 3.6 


Evaluate the following integrals, using any 
appropriate method, giving your answers to 
4 decimal places. 


2 x+2 

Me r @+ip™ 
nd 

(b) [ sec! tana dar 
A 


/6 
(c) fi acos(6x) dar 


7/6 


Section 4 


Exercise 4.1 

(a) Find the volume of revolution obtained when the 
region under the graph of y = 1/z, from ¢ = } 
to 2 = 1, is rotated about the z-axis. 


(b) Find the volume of revolution obtained when the 


2 oy? 
ellipse 7 + 7 1 is rotated about the a-axis. 


(This solid of revolution is the same as that 
obtained by rotating the graph of 
f(x) = 2,/1 — 7/9 about the x-axis.) 

(c) Use integration by substitution to find the 
volume of revolution obtained when the region 
under the graph of y = /z(1+2)!/%, from x =0 
to x = 1, is rotated about the z-axis, giving your 
answer correct to 4 decimal places. 


(d) Use integration by parts to find the volume of 
revolution obtained when the region under the 
graph of y = ze~*, from z = 1 to = 2, is 
rotated about the z-axis, giving your answer 
correct to 4 decimal places. 


(e) Find the volume of revolution obtained when the 
region under the graph of y = sin, from x = 0 
to c= 7, is rotated about the z-axis, giving your 
answer correct to 4 decimal places. 


Exercise 4.2 


A miniature perfume bottle is 4.5cem high and the 
outside shape is formed by the curve with equation 


1 


y = 1.5 + —coszx between x = —} and x = 4. It 


2 
has a circular cross-section. 


The thickness of the material from which the bottle 
is made is uniform and measures 0.5 cm; see figure 
below. 

wi 
2 


It 
a 
wo 
or 
scot 


Explain why the internal volume V of the bottle can 
be expressed by 


a 1 2 
van (1+ Spee) dx. 
0 v2 


Hence calculate how much perfume the bottle can 
hold, to the nearest 0.01. cm*. 


Exercises for Chapter C3 
Section 1 


Exercise 1.1 


Find the linear Taylor polynomial about 0 for each of 
the functions below. Use the polynomial to find an 
approximation for f(0.02), and use your calculator to 
find the value of the associated remainder to eight 
decimal places. 


(a) f(z)=e"* —(b) f(z) = (4-2)? (@ <4) 


Exercise 1.2 


Find the linear Taylor polynomial about 1 for each of 
the functions below. 


(a) f(@)=e* — (b) f(z) = 


1+2 


Exercise 1.3 


(a) Use the linear Taylor polynomial about 1 from 
Exercise 1.2(b) above to find an approximate 
value for the reciprocal of 2.01. Use your 
calculator to find the value of the associated 
remainder to eight decimal places. 


(b) Find the linear Taylor polynomial about 0 for 
Me)= yay 
approximate value for the reciprocal of 1.015. 


Use your calculator to find the value of the 
associated remainder to eight decimal places. 


Use your answer to find an 


Exercise 1.4 


Find the quadratic Taylor polynomial about 0 for 
each of the functions below. Use the polynomial to 
find an approximation for (0.01), and use your 
calculator to find the value of the associated 
remainder to eight decimal places. 


(a) f(x) =e8/2 
(b) f(w) =acosx 


Section 2 


Exercise 2.1 


Find the quartic Taylor polynomial about 0 for each 
of the functions below. 


(a) f(z) = cos(2z) 
(b) s(e)=In(=75) 
le) se) = vie 
Exercise 2.2 


(a) Find the quintic Taylor polynomial about 7 for 
the function f(«) = cos x. 


(b) Find the quintic Taylor polynomial about e for 
the function f(x) = Ina. 


Exercise 2.3 


(a) Given that the Taylor polynomial of degree n 
about 0 for the function f(x) = In(1 + 2) is 
Se eRe Pee fa) sage 
Pn(z) = 2 — 50° + ga” — 4a hat ae si 
for n = 1,2,3,..., calculate the value of In(1.05) 
to four decimal places. 


(b) Given that the Taylor polynomial of degree 2n 
about 0 for the function f(«) = cos(2r) can be 
expressed as 


— (a)? (aa) 


2" 
Pan(a) =1 ap aval op (2) 


(2n)!* 
for n= 0,1,2..., calculate the value of cos(0.2) 
to four decimal places. 


Section 3 


Exercise 3.1 

(a) Find the Taylor series about 0 for the function 
f(z) =e". 

(b) Find the Taylor series about 1 for the function 
f(x) = 1/2. 


Exercise 3.2 


Use the binomial series to find the first five terms of 
the Taylor series about 0 for each of the following 
functions. 


(a) (l+2)"* — (b) (1+2)1/3 


Exercise 3.3 


Using the appropriate series from Exercise 3.2, find 
the value of each of the following numbers to three 
decimal places. 


(a) (0.99)-* — (b) (0.9)'/8 


Section 4 


Exercise 4.1 


Using the standard Taylor series about 0, find the 
Taylor series about 0 for each of the following 
functions, giving the first four non-zero terms. For 
each series state a range of validity. 


(a) sin(?) (b) e*/? 


(©) =, 


(d) (1+27)8/? 


Exercise 4.2 


Using standard Taylor series about 0, find the Taylor 


series about 0 for each of the following functions, 
giving the first four non-zero terms. For each series 
state a range of validity, 


(a) e* +cosx 


(b) In (=) 
(Hint: Use In ( a 


it 
l+2 


(c) (1-2)sing 


(d) (1+ 2)?e" 


) = In(1 —«) —In(1+2).) 


Exercise 4.3 


(a) Use the standard Taylor series about 0 for e” to 
write down the Taylor series about 0 for e?”. 


(b) Use e?” = e” x e* and multiplication of the 
standard Taylor series about 0 for e* to confirm 
the first four terms of your answer to part (a). 
Exercise 4.4 


(a) The Taylor series about 0 for sinh x is 
‘ rs Tg. Doe 
sinha = a+ 5 +57 Aare, 


Use this series to write down the first three 
non-zero terms of the Taylor series about 0 for 
sinh(2a), 


(b) The Taylor series about 0 for cosh x is 
aie ert 
cosha = 1+ 52 + Gt oe 


Use multiplication of Taylor series to obtain the 
first three non-zero terms of the Taylor series 
about 0 for sinh «cosh a, 

(c) Compare your answers to parts (a) and (b) 
above, and hence conjecture an identity relating 
sinh(2x) and sinh x cosh x. 


Exercise 4.5 


(a) By differentiating the standard Taylor series 
about 0 for In(1 + 2), find the Taylor series 


about 0 for 


1+2 


(b to find 


Use the Taylor series about 0 for 


1l+a 


= 

1+4a?° 

(c) Use your answer to part (b) to find the first four 
non-zero terms of the Taylor series about 0 for 
arctan(2x). (You may assume that an 
antiderivative of 1/(1+42*) is } arctan(2).) 


the Taylor series about 0 for 


For each series state a range of validity. 


Exercise 4.6 
(a) Use the binomial series to find the Taylor series 
1 


about 0 for , giving the first four 


1 
non-zero terms. State a range of validity for the 
series. 


(b) Use your answer to part (a) to find the Taylor 
series about 0 for arccos x, giving the first five 
non-zero terms. 


Solutions for Chapter C1 


Solution 1.1 
(a) (i) We have, for h #0 
h(x +h) — h(a) 
h 
=f (+h)? +3(e+h) — (2? + 32)) 


=f (2? +22h +1? + 80 4+ 3h — 2? — 32) 


=2e+h+3, 
as required. 


(ii) By equation (1.2) we need to consider the 
quotient from part (i): 


lim (22 +h +3) = 2a +3, 
a) 
so 
K'(a) = 2x +3. 
(i) We have, forh #0 and «+h #0, 
f(a +h) = f(a) 
h 
a2 ( ae 
“h\e+hys x 
1 (x? —(e@+h)® 
h\ (w+h)sx3 


¢ = (3 + 8a2h + Bach? + B) 


(b; 


(3x? + 3xh +h?) 
(@@+hypas 


as required. 


(ii) By equation (1.2) we need to consider the 
quotient from part (i): 

li _ (32? +3xh+h?)\ _ —3x? 
mr) (e+ hysx3 


AO a 


so 
5 3 
fe) =-3- 


Solution 1.2 
(a) Here f(x) = a*/, so f(x) = 421/83, 


f"(a) = §2-79 and f(z) = -—$a-*/. 
2 
(b) Here y = cosa, so # =-sing, sf =— cosa, 
4 
ot =sinw and a] = cos. 


(The Constant Multiple Rule was used here 
several times.) 


Solution 2.1 


(a) By the Sum and Constant Multiple Rules, the 
function f(x) = 4\/z — 3sinar has first derivative 


S'(v) =4x 427"? — 3 cosx 
2 
= Ve —3cosx. 
(b) By the Sum and Constant Multiple Rules, the 
function g(t) = 2e' + 3lnt has first derivative 


g'(t) = 2e' + : (t > 0). 
Solution 2.2 
(a) Here f(x) = (x? — 8274/9 + 2) cos, so 
f'(2) = (32? -8 x $2") cosz 
+ (2? — 824/3 + 2)(—sinz) 
= (32? z BV) cosa — (x — 80/3 + 2) sin 2. 
(b) Here g(t) = (2¢* + sint) tant, so 
g/(t) = (8t® + cost) tant + (2t* + sint) sec? t. 
(c) Here h(x) = (527 — 2? +5 - Ze, so 
h'(x) = (350° — 2a + 2n-*)e* 
+ (507-2 +5- 2) e 
Bo 
= (507 +35" — 22 =22+5-24 a)e. 
x Fi 
(d) Here f(@) = 0° Ind, so 
'(0) = 60° Ino + 0° x ; 


= 6°(6Ind + 1). 
Solution 2.3 
mt =) 
(a) Bere f(a) = een 
17) — (24 +1)(7x® + 15x?) — (a7 + 5a* + 1)(4a%) 
foe @ 1p 
_ 32! + 228 — 4a8 + 152? 
i (@t +1)? 
(b) Here g(x) = a. 60 
. (w8 — 2)(4 + e*) — (4x + €*)(827) 
ee eat) 
_ —282° — 8 + (a® — 8x7 — 2)e* 
2 


1+ cost 
He = 
(c) Here h(t) ae 
nit) = sin t(—sin t) = e + cost) cost 
sin t 
__ =sin* t — cos? t — cost 
a sin’*¢ 
a cost 
in” t 
cost —1 
by using 


sin? t = 1 — cos” t = (1 — cost)(1 + cost). 


Solution 2.4 
(a) Here k(x) = (x? — 3a + 4)(a? + 2a — 1), so we 
use the Product Rule: 
ki (a) = (2x — 8)(2? + 22 — 1) 
+ (2? — 82 + 4)(2a + 2) 
= 2a + 42° — 22 — 327 -6r +3 
+ 20 — 6x? + 82 + 2x? — 6x +8 
= 4e° — 32? - 62 + 11. 
(b) Here g(t) = Intcos(3t), so we use the Product 
Rule: 
g()= F cos(3t) +Int(—3sin(3t)) 


= 7 c05(3t) —3Intsin(3t). 


sin@ 
Here h(9) = ————— the tient 
(c) = (0) fissiae e Quotient 
ule: 
H(0) = (0? + 20 — 1) cos 4 — sin 0(20 + 2) 
(0 + 20 —1)? 
_ (0 +20 — 1) cos 6 — 2(0 + 1) sin® 
"4 (@ + 20-1)? ; 
a?4+2r-1 
(d) Here f(x) = Bose? so we use the 


Quotient Rule: 
f'(a) = ((a? — 3a + 4)(2x + 2) 
—(x? + 2x — 1)(2x — 3) /(a® — 3x +4)? 
2a — 4x? + 22 +8 — 209 — 2? + 82-3 
(a? = 3x + 4)? 
_ —5a? + 10x +5 
~ (a? = 82 + 4)? 
_ 5(1+22—2?) 
~~ (x? — 3a +4)?" 


10 


Res 

(e) Here k(x) = =. so we use the Quotient 
and Product Rules: 

e (3x? sinz + x° cos) — x sin x(e") 


Ray= (ey? 
__ e* (3x? sine + x4 cos x — «* sin x) 
a (e*)? 
_ «°(3— 2) sina + 2% cosx 


= 
Solution 2.5 
(a) Here k(x) = cos(/2), so in this case 
A(x) = g(f(@)) = 9(u), 
where 
g(u) = cosu and u= f(x) = Jr 
Since g'(u) = —sinu and f(x) = }x~'/?, we 


have 
k(x) = —sinu x ba ¥/? 
=—sin(/x) x 4x71? 
ae, 
aor sin(/z). 


Here k(x) = /cosz, so in this case 
k(x) = g(f(x)) = 9(u), 


where 


(b 


g(u) = ul/? and u= f(x) = cosa. 


Since g/(u) = $u-'/? and f'(x) = —sin a, we 
have 
k(x) = du“? x (—sinz) 
_ __ Sing 
2/cos x" 


(c) Here k(x) = e*’/, so in this case 
k(x) = 9(F(2)) = alu), 
where 
g(u) =e" and u= f(x) = 327. 
Since g'(u) =e" and f'(x) =x, we have 
K(x) =e"x = ze" /?. 


(d 


Here k(r) = sin(zx3), so in this case 
k(2) = ol f(z) = o(u), 
where 
g(u) =sinu and u= f(x) = 2°. 
Since g/(u) = cosu and f'(x) = 3x?, we have 
k'(a) = cosu x 32” 
= 32° cos(x*). 


(e) Here k(x) = tan(In), so in this case Solution 2.7 


k(x) = g(f(x)) = 9(u), (a) Ify = f(x) =arcsin(2z), where —> <x < }, 
then 
where 
= 1 gi sh 1 
Ga) Stan and Ute x= jsiny, wher gm <y< om. 
Since g/(u) = sec? u and f'(«) = 1/2, we have So “ = }cosy. 
Ri(@) = sec? u x 1/z ‘Thus, by the Inverse Rule, 
__ sec?(Inx) dy f= 2 
r Bis rtd — eae provided cosy # 0. 
Solution 2.6 Now cos? y + sin? y = 1, so 
(a) Here f(t) = cos?(3t) In(5t), so we use the 7 aa 
Product Rule and the Composite Rule: Covi ey die alate = ey \(22)?- 
i 5 Since cos y is never negative in the interval 
f= 4 (cos (3t)) In(St) + cos?(3t) <an(s0)) —n/2 <y < 7/2 we take the positive root: 
= 2cos(3t)(—3sin(3t)) In(5t) + cos?(3t) 4 ; cosy = V1 — 42%, 
Hence 
= cos(3t) (= - ~ 6sin(3t) inst) ; ay 2 
dz /1 — 4x? 
20 F 
(b) Here f(x) = ear so we use the Quotient (b) (i) Ify = arctan(32), then «= 5 tany, so 
‘i _ dix 
Rule and Bs the eee set sais . a 1 sec? y = } (1+ tan? y) 
+1 Z e +1 
"(x)= (2’ he te das a ra (@ ) =1(1+(32)) =3 (14924). 
Es 
Thus, by the Inverse Rule, 
_ (22 +1)? x 2c —e™ x 2(x? + 1)22 is 3 4 
@+18 Pee St eae 
2: 2 2 
eee (ii) If y = arctan u, where u = 32, then 
ies dy 1 du 4 
_ 2e%%(e—1)? an ee ae 
(2? +18 So, by the Chain Rule, 
(c) Here f(x) = sin((2? +4)e%), so we use the dy _ te uy Bs 
Composite Rule and then the Product Rule: dx dz 1+w 
1) a a = Me 
F(x) = cos ((x* + 4)e"*) 7 ((a? + 4)e**) 1+ (Gay? 
= cos ((x? + 4)e*) (2re™ + (a? + 4)3e**) aes 
1492?" 


=e 2 pe | 3x 
amine ee + 82) cos ((a* to I confirming the answer in part (i). 


(d) Here f(t) = e/*i*, so we use the Composite 


Rule and then the Quotient Rule: Solution 3.1 
(4) = eft/sint 2 3x—8 
sr) = ered (=) (@) sa) = =F. 
Sat yg a teat Step 1: The fibiontiator a —4 is zero when « = 4, 
= ett/aint (Bee ee) 50 the domain of f is R except for 4. 
sin’ 


Step 2: f is neither odd nor even. 
= | SRR Steet aie faint Step 3: The only x-intercept occurs when 
= Pe : Dp pi 
sin’ t 3x —8 = 0; that is, when « = §. The 
yeintercept is f(0) = 2. 


Step 4: 


Step 5: 


Step 6: 


Here is a sign table for f(x). 


(00,8) | $ | ($4) | 4 | (00) 
ae, = fol + (+l = 
ond |b Spee F Es 
f(a) nt an ee 


Thus f is positive on (~co, 8) and (4,00), 
and negative on (,4). 

The derivative of f is 

(z—4) x 3- (32-8) x1 


Ha) = ena 


"Gar 
So f'(x) <0 for all « in the domain. Thus f 
is decreasing on (—oo, 4) and (4,00). 
Since the denominator is 0 when x = 4, the 
line a = 4 is a vertical asymptote. Also 
3a-8 3-8/r 
fC) ate are 


- $ =3 as r — too. 
So the line y = 3 is a horizontal asymptote. 


To locate the curve in the interval (4, co), 
we calculate f(5) = 7. 


Thus we can sketch the following graph. 
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2 
(>) Hay = 54 


Step 1: The denominator is 0 when x = +1, so the 
domain of k is R except for +1. 


Step 2: We have 
(=a)? +1 _ 2? +1 
(-2)?-1 0 22-1" 


so k is an even function. 


k(-x) = 


Step 3: The x-intercept would occur when 
x? +1 =0, which has no real solutions, so 
there is no x-intercept. The y-intercept is 
(0) =-1. 

Step 4: Here is a sign table for k(x). 


(00,1) | =1| (-1,1) | 1 | (1,00) 
rtd + + + [+] > + 
xt-1 + 0 - |o| + 
k(a) > | Sar 


Thus k is positive on (—o0, —1) and (1, 00), 
and negative on (—1,1), 
Step 5: The derivative of k is 
(2? — 1)2x — (a? + 1)2e 
(@? 1)? 
ee 
~ (a? = 1)?" 
Here is a sign table for k’(«). 
| (-e0,—1)|—1| (-1,0)| 0 (0,1)| 1 | (1,00) 


K(x) = 


-42 + J+] + Jo] - |-} - 

(z?-1)?} + |o}] + [+] + [o] + 

wa) | + [+] + fol - [+] - 
So k is increasing on (—oo, —1) and (—1,0), 
and decreasing on (0,1) and (1,00). Also k 
has a stationary point at 2 = 0, which is a 
maximum, with value k(0) = —1. 

Step 6: Since the denominator is 0 when 2 = +1 the 
lines « = 1 and x = —1 are vertical 
asymptotes. Also 

2 
K(x) = eel —+ 1 as t— +00, 


~ 1=1/2? 
so y = 1 is a horizontal asymptote. 
To locate the curve in the interval 
(—co, —1), we calculate k(—2) = 5/3 and to 


locate the curve in the interval (1,00) we 
calculate k(2) = 5/3. 


Thus we can sketch the following graph. 


(c) h(x) =a — 9x = a(x? — 9) = x(a — 3)(x +3), 
Step 1: The domain of h is R. 
Step 2: We have 


h(—a) = (—2)* - 9(—2) 
= -25 +92 = —(x* — 92), 
so hf is an odd function. 


Step 3: The x-intercepts occur when 2° — 9a = 0; 
that is, when x(a — 3)(x +3) = 0. So the 
z-intercepts are —3, 0 and 3. Since h(0) = 0, 
the only y-intercept is zero; that is, the 
graph passes through the origin. 

Step 4: Here is a sign table for h(x). 


| (20, -8) | -3 | (-3, 0) | 0 | (0,3) | 3 | (3, 00) 
2 | - [-[ - Jol + [+] + 
z-3 | - |-] - |- o| + 
ano [=o | + te 
25) Sa ee ee es 


‘Thus h is negative on (—o0, —3) and (0,3), 
and positive on (—3,0) and (3,00). 
Step 5: The derivative of h is 


h'(x) = 307 —9 
= 3(a? — 3) 
= 3(a — V3)(« + V3). 


Here is a sign table for h'(x). 


(co, v3) | v3 | (—v3, v3) | v3| (v3, 00) 
r-V3 = = = oj] + 
rt+y/3 = 0 + + + 
h(a) a 0 = ee 


So h is increasing on (—o0, V3) and 

(V3, 00), and decreasing on (~Y3, V3). Also 
hhas a stationary point at z = —/3 ~ —1.7, 
which is a local maximum with value 
h(—V3) = 6V3 ~ 10.4, and a stationary 
point at V3 ~ 1.7, which is a local minimum 
with value h(v3) = —6V3 ~ —10.4. 


Step 6: f(x) +coasa%@—oo 


and 
f(x) + —00 as t + —00 


Thus we can sketch the following graph. 


uy 


(-Vv3, 6v3) 


(V3, -6V3) 


(a) g(x) = (x? —5)e*/? 
Step 1: The domain of g is R. 
Step 2: We have 
9(-2) = ((—«)? — 5)e*/? 
= (2? - 5)e"*/?, 


so g is neither odd nor even. 
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Step 3: 


Step 4: 


Step 5: 


Step 6: 
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The x-intercepts occur when 2 = +¥5. The 


y-intercept is g(0) = —5. 
Here is a sign table for g(z). 
|(-20,-v5) | -v5|(—v5, V5) | v5| (v5, 00) 
w—5 + 0 = 0 + 
e/? Ay + “i sd (a 
ge) | + [0 ae aes 
So q is positive on (—oo, —V5) and (v5,00), 
and negative on (—V5, V5). 
The derivative of g is 
g(x) = Qre®/? + (a? — 5) ter? 
= he*/2(n? + 42 — 5) 
= he/?(x + 5)(x — 1). 
So g/(«) =0 when « = —5 and x = 1. 
Here is a sign table for g'(x). 
(00, ~5) | —5 | (-5,1) | 1 | (1,09) i 
; seabed ee Solution 4.1 
e/2 + +| + J+] + eres ad 
be Ve meh ited fie ee cal fet (a) (i) With f(x) =2* + 327-2 
z-1 as am £ NigN an: we have f(—3) = —27+27-2<0 and 
f(-2) =-8+12—2> 0. Thus the function f 
g(x) oe o| - fo | + changes sign in the interval (—3,—2), so it has a 


So g is increasing on (—o0, —5) and (1,00), 
and decreasing on (—5,1). Also g has a 
stationary point at 2 = —5, which is a local 
maximum, with value g(~5) = 20e~5/? ~ 1.6 
and a stationary point at 2 = 1, which is a 
local minimum with value 

g(1) = —4e!/? ~ -6.6. 

g(x) + 00 as x -+ 00 (since €”/? + 00 as 

x —> co and 2? — 5 — 00 as © -+ 00) 


g(x) + 0 as « + —oo (given). 


To locate the curve in the interval (1, 0¢), 
we calculate f(3) = 4e*/? ~ 17.9. 


Thus we can sketch the following graph. 


zero in that interval. 


(ii) Since f(x) = 3a? + 6x, the 
Newton-Raphson formula is 


= f(2n) 
areiemia e 1) 
x3 +302 -2 
=2, — 
322 + 62 
= 3a + 6x2 — (a8 + 3x3 — 2) 
322 + 6rn 
2a3 +302 +2 
See (ny =i, 2) aie) 
Senen+2) } 
(iii) To full calculator accuracy 
zo = —2.5, 
2, =—2.8, 
xq = —2.735 714 286, 


ag = —2.732 062373, 
24 = —2.732 050 808. 

(iv) We obtain with a calculator 
f(as) =0 (to 8 d.p.). 


‘Thus x4 is indeed a good approximation to a 
solution of f(x) = 0. 


(b) (i) With f(x) =e? — 3x 
we have f(0) =1> 0 and f(1)=e-3<0. 
Thus the function f changes sign in the interval 
(0,1), so it has a zero in that interval. 


(ii) Since f'(«) =e” — 3, the Newton—Raphson 


formula is 
a f(@n) 
i Os fies) 
es. e*" — 32, 
oN “en = 3 
_ aa(e% ~ 3) ~ (e** — 3) 
‘ em —3 
_ ter — 3ay — e*" + 32n 
it em —3 
=1 
= a) (n=0,1,2,...). 
(iii) To full calculator accuracy 


ato = 0.5, 

a, = 0.610059 655, 
tq = 0,618 996 7797, 
x3 = 0.619 061 2834, 
x4 = 0.619 061 2867. 


(iv) We obtain with a calculator 
F(x) = 0 (to 10 d.p.). 
Thus 24 is indeed a good approximation to a 
solution of f(x) = 0. 
Solution 4.2 


(a) (i) With f(x) = 24 — 32 —3 we have 
f{(l) =-5 <0 and f(2)=7> 0. Thus the 
function f changes sign in the interval (1,2), so 
it has a zero in that interval. 


(ii) Since f’(z) = 4e* — 3, the Newton-Raphson 


formula is 
wt — 32, —3 
Ta$1 = Zn — mere 
= ta(4n — 3) — (th — 3tn — 3) 
= 4x3 —3 
_ 4x4 — 3ay — ah +32n +3 
403 —3 
324 +3 
= iat =5 (r= 0; 25 250..5)- 


(b) 


(iii) To full calculator accuracy 

@ = 1.5, 

@ = 1.732 142 857, 

2 = 1.686 860 180, 

@3 = 1.684621010, 

4 = 1.684615 706. 
(iv) We obtain with a calculator f(x4) = 0 
(to 8 d.p.). 
Thus 24 is indeed a good approximation to a 
solution of f(x) = 0. 


(v) The Newton-Raphson method fails in this 
case if we choose 29 to be the stationary point 
of f, which is ¥/3/4 ~ 0.91. 


(i) With f(x) = 4a + cos« we have 

f(—2) = -1.42 < 0 and f(—1) ~ 0.04 > 0. Thus 
the function f changes sign in the interval 
(—2,—1), so it has a zero in that interval. 


(ii) Since f'(x) = } —sina, the 
Newton-Raphson formula is 


$2 + COS an 


Tr+1 = Tn T 7 
$-sinay 


Seatac COS Bai = 0,1)2)...): 
sind, — 5 
(iii) To full calculator accuracy 
@ = -1.5, 
a, = —1.046 400619, 
ag = —1.029917 121, 
ag = —1.029 866 530, 
4 = —1.029 866 529. 


(iv) We obtain with a calculator f(,) = 0 
(to 9 d.p.). 

Thus ry is indeed a good approximation to a 
solution of f(a) = 0. 


(v) The Newton-Raphson method fails in this 
case if we take wo = }7, since this is a stationary 
point of f. 


(vi) The Newton-Raphson method fails if we 
take zg to be any stationary point of f. These 
stationary points are the solutions of 

sing — } =0; 
that is, all numbers of the form 

w=2nntin or 2=2nr+ Sr, 


where n € Z. 
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Solutions for Chapter C2 Solution 1.3 


(a) (i) For a in the interval [-3, -2], «x is negative, 
but any negative number to an even power is 
positive, so x!° is positive. Hence the graph of 


Solution 1.1 


In each case c is an arbitrary constant. f(x) = x" is above the x-axis on the interval 
[-3, -2]. 
a) 3x + cos(4ir)) dx = 2° + 4 sin(4: 
(a) fc x + cos(4z)) a* + 7 sin(4zr) +e (ii) The area is 
(b) fe — sin(5t)) dt = 4e% + } cos(5t) +c [sae a [ast] 
weoiicst| 
Bs ie 
4 
(c) [ap dt=Aactant +c = + ((-2)" - (-3)") 
) {Ee es =) oh ie e 5) ne = 15918 (to nearest integer). 
e i eres (b) (i) For « in the interval [x/15,2n/15], 5a lies in 


- ss the interval [7/3, 27/3] so sin(5z) is positive. 
= [e = +e") da = ze" te" +e Hence the graph of y = sin(5z) is above the 
z-axis on the interval [1/15, 27/15], 


(ii) The area is 


2/15 2n/15 
(a) [ + con()] 
1/15 /\S 
cos(27/3) — cos(7/3)) 
4-9 
TT 
= —5.0045 (to 4 d.p.) ules 
a 1 areal (c) (i) ‘(en -1)dr= [aer/? -2] 
(b) if cos (2t) dt = |5sin (4#) f 2 
=) mus = (93/2 
= 5 (sin (m/5) — sin (—n/5)) = (2e9/? — 3) — (2e - 2) 
= 10sin(n/5) = 2.5268 (to 4 d.p.) 
= 5.8779 (to 4 dip. a 2 
779 (to 4 dp.) [et -nae= [pea] 
1/2 1 1/2 13" -1 
G du = Jarcsinu 
‘) i, vi-w I = (2e — 2) — (2e-/? 4.1) 
= aresin(4) — aresin (-}) = 1.2296 (to.4d.p.) 
= 7/6 — (—7/6) (ii) The graph of y = e*/? — 1 passes through 
=n/3 the origin, and e”/? — 1 is positive for « > 0 and 
= 3 
~ 1.0472 (to 4 dp.) negative for « < 0. Hence only ‘A (e*/? —1) dx 
2 
1 2 represents the area bounded by the graph, the 
2 dt = |aet/2| « 1 
(a) | et? dt = [2 ‘i 1, a-axis and the given limits for x. 
= iit 9 (iii) To find the required area it is necessary to 
a find the (positive) area bounded by « = 0 and 
= 1.2974 (to 4 d.p.) « =3, which is above the a-axis, and then 
subtract from it the (negative) area bounded by 
x =—1 and x = 0, which is below the z-axis. 
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The required area is 
3 0 
i (e#/? —1) de -f (e*/2 —1)de 
0 1 
3 0 
= loer/?— 2) — [oe2/2 — 
= pet =a]. pero), 
= (2e9/? — 3) —2 — (2 — (2e71/? +1)) 
= 29/2 + 2e71/? 6 
= 4.1764 (to 4 d.p.). 
(d) The graph of y = cos(2x) is shown below. 


By properties of the cosine function, the area 
bounded by the curve and the z-axis, between 
a = —n/2 and x = 7/2 is made up of four equal 
parts A, B, C and D. So the total area equals 
4 times the area from « = 0 to « = 7/4. Hence 
the required area is 


n/4 n/a 
= 4/1 si 
af cos(2x) dx = 4 [: sin22)] f 
= 2(sin(1/2) — sin0) 
=2, 


as required. 


(e) The curve y? = 4x is a parabola, as shown 
below. 


The parabola is symmetrical about the «c-axis, 
so the area required is twice the area bounded 
by that part of the curve above the z-axis from 
x =0 to 2=9 and the z-axis. 


The part of the curve above the «-axis has 
equation y = 2,/2, since y > 0 on this part. 


Hence the total area is 


Solution 2.1 
In each case we use the integration by parts formula 
J tea'@) ae = H(@)9(2) = [ reac) dx, 
and ¢ is an arbitrary constant. 
(a) Let f(x) = and g'(x) = cos(3x); then 
S(w) =1 
Hence 


[ ecos(se) ax = jesin(32) -fi x 4sin(3x) dx 


and g(x) = }sin(3z). 


= jxsin(32) ~§ f sin(3z) de 
= drsin(3x) + } cos(3x) +c. 
(b) Let f(x) = 2x and g'(x) = sin (22); then 
f!(x) =2 and g(x) = —5cos(}ax). 
Hence 
[resin (32) de 
= 2x (50s (42)) = [ 2(-se08 (32) de 
= -10e cos ($2) +10 [ cos (2) dx 
= —10z cos (x) + 50sin (42) +c. 
(c) Let f(x) =In(5x) and g/(x) = 2; then 
f(z) =1/# 
Hence 


| ein(52) de = In(52) x 42? — if 1 x hatde 


and g(x) = }2?. 


= }27 In(52) — [eae 


= }27In(5x) — $2? +c. 
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Solution 2.2 Solution 2.3 


(a) Let f(a) =a and g'(x) = e**; then (a) Let f(x) = 2x? and g'(x) = sin ($x); then 
f'(z)=1 and g(x) = je". f(x) = 2x and g(x) = —2cos (527). 
Hence Hence 
1 3 1 : 
[ ze!* dz = [aze"| - if e* dr f+ sin ($22) dx 
0 0 


1 = ~22 cos (42) = [ 22 (200s ($2)) de 


= —2z? cos ($2) +4 [ wos (}2) dz. (1) 


=Se+h Now let f(x) =a and g/(x) = cos (4); then 
= 10.300 (to 3 d.p.). f(z) =1 and g(x) =2sin (42). 
(b) Let f(x) =a and g!(x) = sin(2a); then Hence 
f(z) =1 and g(x) =—}cos(2e). J #005 (42) dx = 2a sin (32) = [ 2sin (42) de 
ee = 2xsin (x) + 4 cos ($2). 
| xsin(2r) da Substituting in equation (1), we obtain 
—n/4 
n/A /4 /? sin (jx) dx 
= <2, 2. - —4 cos(2x)) d: 
ie 2) =n/4 fie peated = —2r" cos(4x) +4 (2x sin(4r) + 4cos(}x2)) +¢ 
= =} (/4cos(n/2) — (—n/4 cos(—7/2))) = —2r? cos (4x) + 8rsin (42) 
n/A 2 
44 [! sn(20)] +16 cos ($2) +e 
=n/4 = 2cos (4x) (8 — 2”) + 8rsin (Fx) +e. 
= 4(sin(n/2) — sin(—n/2)) (b) Let f(x) = e*/8 and g'(zr) = cos(4x); then 
= 4(1-(-)) f(x) =4e/® and g(x) = }sin(4z). 
=055. Hence 
(c) Let f(x) = In(4) and g'(xx) = «?; then ri e*/ cos( 4x) de 
f'(w)=1/x and g(x) 3, , 
kan = 7/91 sin(42) — | 16/81 sin(4e) dx 
2 2 2 
e #?in(4z) de = [se in] -f[ t x de? de = be! sin(42) - th [ e€/sin(te) de. (2) 
7 1 1 


Now let f(x) = e*/9 and g'() = sin(4); then 


2 
= }(8In8 —In4) - s/ x? de 
1 fi(v) = he*/* and g(x) = —} cos(4z). 


2 
= 4(8n8 — In4) — 32" Hence 
; if e*/8 sin(4x) dar 
= 4(81n8 —In4) — }(8—1) 
= 4,305 (to 3 d.p.). = e*/5 (—} cos(4z)) — if ge*/5 (—} cos(4x)) dx 


= —te?/* cos(4z) + Fy tf e*/5 cos(4x) de. 
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Substituting in equation (2), we obtain So 


i e*/3 cos(4a) da (a+ #) if e~** sin(5x) dr 
= 1e*/S sin(42) = —te~** cos(5x) — Ze ** sin(5zx), 
dh 
-$ (- de*/3 cos(4ar) + a fer cos(4z) ar) = 


hem sin(5x) dx 


adele Let/3 
RS RDIME) Sage ooe\2) = # (—1e-®* cos(5x) — Ze sin(5z)) + 


a | e*/* cos(4z) de. = —fe-**(5cos(5x) + 2sin(5zx)) +c. 
So (d) Let f(«) =Inz and g!(x) = x; then 
(1+ 4) fi 8 cos(4) dex fe) =* and g(x) = $2". 
= te"/3 sin(4x) + 4e*/* cos(4z), Hence 
and hence [einede=Inzx §s*— f = x $o*de 


/ e/* cos(der) dee 
=trIng—- hf aae 


144 (162/3 gin(4n) + he®/® (42)) + 
e sin( 4a, e cos(4a c 
G (1 5a = ie Ine— 32" +e 


42°(3Inz—-1) +e. 


Wt 


qise*/9(12sin(4ar) + cos(4x)) +c. 
(c) Let f(z) = e7* and g/(x) = sin(5z); then 


fi(z) =—2e-** and g(x) = —} cos(5z). 


Solution 2.4 


Then we have (a) Let f(x) =x? and g'(a) = e®*; then 


(<= sin(5ax) de f'(v)=20 and g(x) = 2e%*. 
= e~** (~} cos(5x)) — if (—2e~*) (—} cos(5e)) de Hence 
1 
t zie *do= [= 
= —fe7** cos(Sx) — 3 i e-™* cos(5ur) dx (3) 0 


Now let f(a) = e~?* and g'(x) = cos(5x); then 


ee =n 
fe) = 20, Neneh ate pe gsin(Sa). Now let f(z) = and g/(z) = e®*; then 


Hence fi()=1 and g(x) = te. 
[eo cos(5a) dx Hence 
1 ae aa 
= e-*(f sin(S2)) — f (~26-%) (fsi(52)) de i ze* dr = [ade] = [ 1c) ae 
0 o Jo 
= te-* sin(5x) + 3 fe sin(sx) ae. =the - nf Ode 
0 
Substituting in equation (3), we obtain i 
Shes +[ae*] 
[et sin(5e) de . EH els 
= —1e-*¥ cos(52) = fe — ae" + 25 
=peo+x. 


-3 (gem sin(5x) + 2 [= sin(5a) ac) 


= —}e~™* cos(5x) — 7 


Substituting in equation (1), we obtain 


—22 os AL 
au\se) [ ate dr = be — 2 (Ae + 2) 
hea 
-# | eo ?* sin(52) de. = qi (17e° - 2) 
= 20.1682 (to 4 d.p.). 
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(b) Let f(x) = e*/? and g'(x) = cos(2x); then Then 


f(a) =4eF? and g(z) = }sin(22). ‘| eee 
1 
Hence 
4 
4 4 1 3 
i e*/? cos(2x) dx = [j2°lna], -f zi (32°) de 
0 
4 
n/a m/4 = {he hae 2 
= [e*"(4sin(20)] -f 4¢2/2(1 sin(2x)) der = [j2"lna], rf a? dx 
0 0 
4 
= lily n/a esa @) = §2° Ing], — 3 [32°], 
= 1er/8 _ if e*/? sin(2x) dex. 2 
2 “Yo = [ema]; - [529]; 
=e/2 / = si . 
Now let f(x) = e?/? and g'(x) = sin(2z); then =} x 4In4—2In1- }(49-1) 
f'(x) = 4et/? and g(x) = —} cos(2z). =“%m4—7 
Hence 


4 = 22.5743 (to 4 d.p.). 


/4 
/ e*/? sin(2a) dx = [e-4 cos(22)] 
e ® Solution 3.1 


4 
= ‘Le Le/3(—2 cos(2n)) dar In each case c is an arbitrary constant. 
o) 


(a) Take u =x" so “ = 5x4, Hence 


/4 
=}+ if e*/? cos (2a) div. . 2 
: foe dx = tfe (5ar*) dix 


Substituting in equation (2), we obtain 


/4 ph 
ia e*/? cos(2x) da bel fea 
0 
n/4 =het+e 
= per’® ‘= (4 as if €°7cs(2e) de) 2 Le Se 
zie du 
= er - 5 - i e/? cos(22) de. (b) Take u = 2% so 7 = 32%, Hence 
ee fe sin(2*) dx = 3 [ sin(e*)se? ae 
n/a 
2 = 8 
ce [eee Bye. 
and hence 


= = -fowurs 
if e*/? cos(2x) dx = 18 (4er"® - 1) 
0 
= 0.5793 (to 4 d.p.). 
(c) Let f(x) =Inz and g(x) = 2?; then 
f(@)=1e and 9(x)=—40°. fea —225)° der = -4 fa — 22°)9(—62?) dx 


= —}cos(x*) +c. 


(c) Taka u=1—ar" 60 a ra ience 


= —g(1— 22°) +e. 
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=—-}in[2-2%|+e. 


Solution 3.2 


(a) Take w= 228 +1 90 4 = de, Also u = 1 when 
a =0, and u=3 when x = 1. Hence 


1 1 
[ 2 (20? +1)"/.de = if (2x? +1)/24e de 
0 0 
A 
= rf ull? du 
A 
3 
~ fre 
1 


= 1(39/? — 19/2) 


= 0.6994 (to 4 d.p.). 


(b) Cakes aoe eee Also u = 3 when 
a =0, and u=4 when « = 1. Hence 


1 1 
if ae? +8 de = rf oe +8(20) de 
0 


i] i] 
wht whe 
=. ass 
nat Es 
°. 
Per 8 
es 
= 


3 (et -e?) 
= 17.2563 (to 4 d.p.). 
(c) Take u = arctan(3x?) so 
du 1 6x 


a 


de — 1+ (302)? “°°? ~ T+ ont" 


Also u = 0 when « = 0, and u = arctan(1) = 7/4 


when x = 1/73. Hence 


WVS og V5 g 
ee i. =e 
lo 1+ 924 lo 1+9a4 


il 
om 
Eat 

= 
= 


n/a 
-H 
i) 


= §(7/4-0) 


= n/24 = 0.1309 (to 4 d.p.). 


(d) Take u=1+sin? x so & = 2sinxcosz. 


Also u= 1 when x = 0, and u = 2 when 
a = 1/2. Hence 


7/2 cosa sine 1 [7 2cosxsine 
—4- ae = ——-— da 
o)«60s + sin’ 0. 1+sin* x 


=) 
i f?'u 
a 
: 
4 finial 
s 


}In2 


0.3466 (to 4 d.p.). 


W 


i) 


Solution 3.3 
In each case c is an arbitrary constant. 
(a) Let x = 4(u+1), where u = 3x —1. Then 


= as 4. Hence 


=u gu*) +e 
eee 
bem’ 4 a 

 (9e=1) 


BPM gear 
(b) Let 2 =u? —1, where u = (x +1)!/*, Then 


erties 2u. Hence 


2? _ f @=-1) 
{carre- [Pew 


[ow —4u? +2) du 


il 


= duo — du +2Qute 
= F(a +1)9/? — 4(@ +:1)9/? 
+2(2+1)? +e. 
(c) Let « =e", where u=Inz. Then oe =e". 


du 
Hence 


ett 
[@a- ("oe 1 
z e 


= fwd 


=hw+e 
=h(Inz)? +e. 
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(d) Let  =tanw, where u = arctanz. Then 


dx 
— = sec? u. Hence 
du 


1 1 y 
[ae | aa 


sec? u 
= [hau 
sec? u 
1 


= | —du 
sec u 


= | cosudu 


=sinu+e 
= sin(arctan x) +c. 


(Since tanu = a/1, we have sinu = 2//1 + 2?, 
so this indefinite integral can be written as 


a/Vi+22 +c.) 
Solution 3.4 


di 
(a) Let u=2° so = 524, Hence 
dx 


x‘ sin(x®) dx =} | sin(#®)(52*) dx 
5 


= 4 [ sinua 


= t(-cosu) +e 
= —}cos(x*) +0. 
du 


(b) Let u = cos(2r) so is —2sin(2a). Hence 


| cos” (2x) sin(2ar) daz = —} ih cos’ (2x)(—2sin(2xr)) dx 


(c) Let u=2—190 4 =1and2=ut1, Hence 


[verter = fo + 1ul/? du 


= [oo eu?yau 


= 245/24. 2,,3/2 
= 2u/ + 2ui/ +e 


= 3(a = 1)9/? + 2(@-1)9/? +c, 
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(d) Let u=e* so a =e", Hence 


fe cos(e”) dx = [coste\eyae 


= [cosa 


=sinu+c 
=sin(e”) +c. 
Solution 3.5 
(a) Use integration by substitution. 


Let u = 42° so a = 1227. Hence 


f a? sin(4z*) de = 3, [ sin(4x*)(1222) de 


(b) Use integration by parts. 
Let f(x) =x and g'(x) = sin(6x) dx; then 
S(0) = 
Hence 


[ esin(62) ae = =f cos(62) ~ f (f.0s(6x)) de 


and g(x) = —4 cos(6x). 


= —txcos(6r) + § x }sin(6x) +¢ 
= #;sin(6x) — $x cos(6x) +c. 
(c) Use integration by substitution. 
Let u = 8-2 so = —4a%, Hence 
dx 


2 1 ; 
wraps tf wap 


= 08-25 + 


Solution 3.6 
(a) Use integration by substitution. 


du 
= sole 
Let u=2+1s0 1 


Also u = 2 when x = 1, and u=3 when x = 2. 


Hence 


2 +2 Sut) 
S| eae 
| ae i: we 


5 slit = i} 
(in3 — 4) - (n2- 3) 

=In3+3 

= 0.5721 (to 4 d.p.). 


(b) Use integration by substitution. 


du 
Let u = secx so — =secrtanz. 
dx 


1 


Also u= 1 when x = 0, and u= ——— = y2 


cos(7/4) 
when x = 7/4, Hence 


/4 aft 
[ sec’ a tan x de = [ sec® ar(sec x tan) dr 
0 0 


vi va 
=f wdu= [| 
1 1 


= 4(4-1) = 0.75. 
(c) Use integration by parts. 
Let f(@) = 2 and g!(x) = coa(6z); then 
f'(x)=1 and g(x) = }sin(6z). 


Hence 
x/6 /6 
/ xcos(6x) dx = [- (Gj sn(62)] 
=n/6 =n/6 
x/6 
-4 / sin(6x) dx 
=n/6 


= Fsinw+ Oe T) 


=4 o - cos(-n)) 


= ¥(-1-(-1)) =0. 


Solution 4.1 


(a) The volume is 


1 74\? 4 
«f (2) dz = nf a? de 
1/2 \@ 1/2 


I 

a 

| 
ale 


i 
3 
iB 
oe 

& 


=™ 


(b) The ellipse is symmetrical about the x-axis, and 
the part of the ellipse above the x-axis is the 
curve 


from = —3 to « = 3. So the volume is given by 


3 a? 2p 
anf (1- 5) de=an[e- 5] 


= 4m ((3 — 1) — (-3 + 1)) 
= 16r. 


(c) ‘The volume is 
rf (vac e9)" de=n fie a(1+a)?/9 de. 


Peete thea soe i wade ghee 


dx: 
Also u= 1 when x = 0, and u = 2 when x = 1. 
Hence 


1 2 
nf (142) de= wf (u—1)w/3 du 
oO i 
a 4 
= nf (u®/$ — u?/3) du 
h 


2 
= x[aw es ws] 


een [vou = 3) 
40 ; 
3a 

aoa (2°/8(10 =8)—1(6— 8) 
3m og) 

= pe +3) 


= 2.2029 (to 4 d.p.). 
(d) The volume is 


2 
7 if xe" de. 
1 


Let f(z) = «? and g'(«) = e-?*; then 
flv) =2x and g(x) =—4e-**, 
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2 
= n(~2e-* +4e? +f ze2* de). (1) 
1 
Now let f(x) =a and g'(x) = e~**; then 
f'(z)=1 and g(x) =—}e~*. 


Hence 


2 
[ ae de — 
1 


= ~e74 4 1e-2 — 1e-4 4 Lp? 
=e + 9e qe. +qge™. 


Substituting in equation (1), we obtain 


= 0.3445 (to 4 d.p.). 


(e) The volume is 


. 
a sin? x de. 
0 


Now 1 — 2sin* x = cos(2z), so 
sin? x = }(1 —cos(2a)). 
Hence 
ee m 
nf sin” cde = i f (1 —cos(2a)) dx 
0 0 
® 


= tele - }sin2e) 


0 


— t(( ~0)-(0- 9) 


1 
2 
= 4,9348 (to 4 d.p.). 
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Solution 4.2 


Since the bottle is of uniform thickness 0.5 cm, 
including the base, the equation of the inside curve is 
y=1+ yg cos, where 0 <x <4. 


The volume of the inside of the bottle is therefore 
given by the volume of revolution generated by 
rotating the curve y= 1+ W cos x about the x-axis 
between 2 = 0 and # = 4. 


So 
e 2 
v=rf 1+ J, cosa) dx 
(1+ Jeers) 
4 
=" (1+ V2cosx + } cos" x) di. 
0 


Now 2cos? x — 1 = cos(2zr), so 
cos? x = (1 +cos(2e)). 


Hence 


V= “f (1 + V2cosx + 3(1 +os(2z))) da 


4 
= x[e +V2sine + qrt }sin(22) 

0 
s (4+ vBsin(a) + § x 4+ }sin(8) -0) 
=n (5 + V2sin(4) + fsin(8)) 
= 12,73cm, 


to the nearest 0.01 cm*. 


Solutions for Chapter C3 


Solution 1.1 


(a) Here f(z) =e, so (0, f(0)) = (0,€%) = (0,1). 
Also f’(x) = —e~*, so the gradient of the curve 
at (0,1) is f/(0) = —1. Thus the required line 
passes through the point (0,1) and has 
gradient —1, Its equation is therefore y= 1 — a. 


So the linear Taylor polynomial is p(x) = 1 
Taking « = 0.02, we obtain p(0.02) = 0.98. 


iz 


To eight decimal places, the remainder is 
r(0.02) = e~°? — 0.98 
= 0.000 198 67. 


(b) Here f(x) = (4—)'/2, so (0, f(0)) = (0,2). 
Also 
f'(x) =-}(4—2)7/?, so the gradient of the 
curve at (0,2) is —} x 4-1/2 = 2, 
Thus the required line passes through the 
point (0,2) and has gradient —}. Its equation is 
therefore y = 2— ja. 
So the linear Taylor polynomial is p(x) = 2— ja. 
Taking x = 0.02, we obtain p(0.02) = 1.995. 
To eight decimal places, the remainder is 

(0.02) = (4 — 0.02)!/? — 1.995 
= —0.000 006 27, 
Solution 1.2 


(a) Here f(x) = e~*, so (1, f(1)) = (1,1/e). Also 
f'(a) = —e-*, so f'(1) =—1/e. Thus the 
required line has gradient —1/e. Its equation is 
therefore y = ay — «/e and it passes through 
(1, 1/e). Hence 1/e = ap — 1/e, so a9 = 2/e and 
the equation of the line is y = 2/e —2/e. The 
linear Taylor polynomial about 1 is therefore 


wa) = 2-2, 
(b) Here f(x) = = so (1, f(1)) = (1,3). Also 


f(a) = aaa so f“(1) =—4. Thus the 


required line has gradient —}. Its equation is 
therefore y = ag — 4 and it passes through 

(1,4). Hence } = 
equation of the line is y = 
Taylor polynomial about 1 is therefore 


p(x) = } — fz. 


Solution 1.3 
(a) Solution 1.2(b) gave the linear Taylor polynomial 


(b 


about 1 for f(x) = ie p(z) = 3 — fz. 
1 
Taki =1) i 1.01) = —. 
‘ing x = 1.01 gives f( ) 201 
So the reciprocal of 2.01 is approximated by 


p(1.01) = 4(3 — 1.01) = 0.4975. 


To eight decimal places, the remainder is given 
by 
1 
r(1,01) = Zo ~ 0.4975 = 0.000 012 44. 
1 
Here f(a) = Geo so (0, f(0)) = (0,1). Also 


3 
ie) = ——— (0) = — 
f(x) = Gray °F) 3. Thus the 
required line has gradient —3 and passes through 
(0,1). Its equation is therefore y = 1 — 3x, and 
the linear Taylor polynomial about 0 is 
p(x) =1—3e. 
‘eee " Spey 
Taking x = 0.01 gives f(0.01) = To" 
So 1/(1.01)° is approximated by 
p(0.01) = 1—3 x 0.01 = 0.97. 


To eight decimal places, the remainder is given 
by 


(0.01) = — 0.97 = 0,000 590 15. 


Z 
(1.01)8 


Solution 1.4 
(a) Let the polynomial we seek be 


p(x) = ag + a2 + age. 

First we ensure that p(0) = (0). We have 
I(x) =e*/*, p(x) = a9 +a,2 + a22”, 
SO)=P=1, 70) =a0. 

‘Thus we have ao = 1. 

Next we ensure that p/(0) = f’(0). We have 
f'(x) = he”, p(w) = a1 + ane, 
£0) = 32 =3, p'(0) =a. 

Thus we have a; = }. 

Finally we ensure that p”(0) = f’”(0). We have 
f(a) = te7/?, p(x) = 2a2, 
$0) = 42 =f, P"(0) =2a2. 


Thus we have az = }. 
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Hence the quadratic Taylor polynomial about 0 
for f(x) = e?/? is 


p(r) =1+ da+ ba? 
The polynomial p gives the approximation 


£(0.01) ~ p(0.01) = 1+ $(0.01) + $(0.01)? 


= 1,005 0125. 

The associated remainder, to eight decimal 

places, is 
(0.01) = e®"/? — 1,005 0125 

= 0.000 000 02. 
(b) Let the polynomial we seek be 
p(x) = a9 + ayax + aga. 

First we ensure that p(0) = (0). We have 
f(a) =acosa, p(x) =a +aix+agr*, 
£(0)=0,  p(0) = ao. 

Thus we have ao = 0. 

Next we ensure that p’(0) = f’(0). We have 
f'(x) =cosa—asina, p'(x) =a, + 2agr, 
(0) =1, p'(0) =a. 

‘Thus we have a; = 1. 

Finally we ensure that p’(0) = f"(0). We have 
f"(w) = -sine —(sine+acosx), p(x) = 2a2, 
£"(0) =0,  p"(0) = 2ag. 

Thus we have a2 = 0. 

Hence the quadratic Taylor polynomial about 0 

for f(x) = «cos is 
pz) = 2. 

The polynomial p gives the approximation 
f(0.01) ~ p(0.01) = 0.01. 

The associated remainder, to eight decimal 

places, is 
(0.01) = 0.01 cos(0.01) — 0.01 

= —0.000 0005, 
Solution 2.1 


To find the quartic Taylor polynomial about 0 for 
any function f(«) we need to evaluate f(0), //(0), 
(0), £)(0) and f (0). 
(a) For f(«) = cos(2x), we have: 
J (x) = cos(2a), £(0) = 
f(x) = —2sin(2z), f'(0) 
f(a) =—4cos(2r),  f"(0) = - 
f(x) = 8sin(2x), f°)(0) = 0; 
f(x) =16cos(2r), —_—f4)(0) = 16. 
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in( 


The quartic Taylor polynomial about 0 for 
cos(2x) is therefore 


wa) = £00) + 2+ LO-2 4 LO) ,s 


pe csllolen 
aca. 


(b) To make the differentiation easier, note that 


f(z)=1n (4) =—In(1 +2). 


1+z2 
Thus we have: 

f(e)=—In( +2), f(0) =0; 

7 — 1 77 ae 
f@=-——, = 

" =a 1 " = 12 
"@=aagr  MO=% 
19@)=qyoe 1M =-2 
1%@)= aa 100) =6 


The quartic Taylor polynomial about 0 for 


) is therefore 
l+a 


(2) = 0) + (0) + 2-2 4 LO gs 


+ Poot 


= 1a 24 84 
er ict Sy +a? 


=—a+ ha? — 425+ 424 


(c) For f(a) = (1 —«)*/?, we have: 


fe) = (1-2), $0) =; 
f@)=-Ha-2)7, —f()=-; 
fM(e)=-30-2) 7, f"(0)==15 


fO@)=—-§-2)%/, (0) = -§5 
fO(e)=-Ba-2)-?, (0) =-¥. 
The quartic Taylor polynomial about 0 for 
(1 —2)'/? is therefore 


) 
nla) = H0)+ (02+ Sat 4 £0) a 


£0) x 
ie 
1 15 
Fee Ger etree tla ply eer alert 
See moyen br 


Solution 2.2 


(a) The quintic Taylor polynomial about 7 for a 
function f is given by 


” 
s(n) + f(a) 2-2) + Oe —? 
£2) _ as 
a I (e—x)*. 
We have 
f(x) = cosa, 
f(x —sina, 
f(a) =—cosa, 
f(x) =sinz, 
{ (x) = cos x, 
f(x) = —-sinaz, 
So the quintic Taylor polynomial about 7 for 


cosa is 
p(x) =-1+ }(a—2)? — F(a—n)*. 


(b) The quintic Taylor polynomial about e for a 
function f is given by 


He) + Ho(e— 0) + Lae? 
sng AMWe op, 
We have 

f(x) = Ina, f(e)=me=1; 
se) =, Se allagiav 
fMe)=-a  M"0=-Fs 
f@)=5, f=; 
sOay=- sO) =-5; 
f0@)=74, fe = 7 


So the quintic Taylor polynomial about e for Ina 
is 


pe) =1+ t(e@-e)- 4 ese, aeaey 


gaa! Can 
6 een 24 (x — 6) 
me 4! Pe BE 
a142 a lg eye Oe 
=1+1(e-6) yen e) +35" e) 
1 44 2 5 
aa (a —e)* + Prd e). 


Solution 2.3 
(a) The Taylor polynomial of degree n about 0 for 
the function f(x) =In(1 +2) is 


oe 


Pn (2) = 2 — pa? + 5x9 — gat po 


For « = 0.05, we obtain to six decimal places 


p(0.05) = 0.05, 


p2(0.05) = p, (0.05) — 4(0.05)? = 0.048 75, 

p3(0.05) = pe(0.05) + 4(0.05)* = 0.048 792, 
p4(0.05) = ps(0.05) — +(0.05)* = 0.048 790, 
ps(0.05) = p4(0.05) + 4(0.05)° = 0.048 790. 


The values of p4(0.05) and p5(0.05) agree to six 
decimal places, so it is likely that to four 
decimal places 


In(1.05) = 0.0488. 
(This is the case.) 


(b) The Taylor polynomial of degree 2n about 0 for 
the function f() = cos(2) is 


2 4 
pan(e) =1— GaP 4 Gey _ 


(=1)"(2x)?" 


(2n)! 
For x = 0.1, we obtain to six decimal places 

po(0.1) = 1, 

2x 0,1)? 
pa(0.1) = po(0.1) - PXOAY — 9.9, 
pa(0.1) = po(0-1) + ext _ x 0.1)" _ 0.980067, 

6 

ps(0.1) = pa(0.1) — exnay = 0.980067. 


‘The values of p4(0.1) and p6(0.1) agree to six 
decimal places, so it is likely that to four 
decimal places 


cos(0.2) = 0.9801. 
(This is the case.) 


Solution 3.1 


(a) The Taylor series about 0 for a function f is 
given by 


1(0) + s'O)e + a4f oe 3 


eeen(0) (0) in 
an 
For f(x) = e~", we have: 


f(z) = f(0) =e =1; 

f(x) , f'(0) = -' 

f(x) £"(0) = 

f(z) =-e*, £(0) = 

Fe) =(-1)"e*, —f"(0) = (-1)". 
So the Taylor series about 0 for f(a) = e~* is 

1-2+527- Ae tet ee 
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(b) The Taylor series about 1 for a function f is 
given by 


FO) + /'O@—1) + a -1y 


LOD eye OW apg, 
For f(x) = 1/2 we have 
S(e) = 1/2, s) =; 
f(a) =-3 sQ) = 1; 
Ma=3 sna) = 
f@)=-5, fQ) = — 
£(@) = (I, FQ) = (1)! 


So the Taylor series about 1 for f(x) = 1/2 is 


- Fe- 1° 


(w@-1)" + 


oe ae 
+(-1)"(@=1)" + 


=(e—1)*+ 


Solution 3.2 
The binomial series is given by 


a(a—1) 224 ela=Vle- 2) ie 
2! 


(1+2)* =1+a02+4+ ——— 31 
, for -1<2<1, 


(a) Thus the first five terms of the binomial series 
for (1+ 2)~* are 


1+ (424 MCS) 2 + CACHE 
+ ACSIEHEO 
4! 


= 1-42 + 10x? — 202° + 352%. 


(b) The first five terms of the binomial series for 
(1+ 2)!/8 are 


142+ WEDs, DEDCDs 


+WCDEDCD,« 


S744. = iP SS ae 
=1+ 40-92 + at — ar 
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Solution 3.3 
(a) Use 
(1+2)74 = 1-42 + 10x? — 202° + 3524 —---. 


Set 1+2 = 0.99, so x = —0,01. To five decimal 
places, we have 


po(—0.01) = 1, 
pi(—0.01) = po(—0.01) — 4(—0,01) = 1.04, 
p2(—0.01) = p;(—0.01) + 10(—0.01)? = 1.041, 
p3(—0.01) = p2(—0.01) — 20(—0.01)* = 1.04102, 
ps(—0.01) = p3(—0.01) + 35(—0.01)* = 1,041 02. 
So it is likely that to three decimal places 
(0.99)~* = 1,041. 
(This is the case.) 
(b) Use 
(L+a)/8 =14 te $2? + Sa%- oat +... 
Set 1+2 = 0.9, so x = —0.1. To five decimal 
places, we have 
po(-0.1) =1 
px(—0.1) = po(-0.1) + $(—0.1) = 0.966 67, 
p2(—0.1) = py(-0.1) — §(—0.1)? = 0.965 56, 
ps(—0.1) = po(—0.1) + §(—0.1)* = 0.965 49, 
pa(—0.1) = ps(—0.1) — #2;(—0.1)* = 0.965 49. 
So it is likely that to three decimal places 
(0.9)!/8 = 0.965. 
(This is the case.) 


Solution 4.1 


(a) The Taylor series about 0 for sin x is 


1 1 1 
a+ a5 — al +. 


sinz=a— 7 a 7i » forz eR. 
Using this series, and replacing x by x? 
throughout, we obtain 
a 1 i 
2 .2)3 2)5 2)7 
)= Flot)? + 52) - Fe?) 


The series is valid for any x? € R, so is valid for 
any « € R. Hence 


1 La 1 
oe ene aes 
sin(x*) = 37 +5 az 44. 
for « € R. 
(b) The Taylor series about 0 for e* is 

ef =1+2+ aet get ; forz eR. 
Using this series, and replacing x by «/2, we 
obtain 


nai+ (5) +5 (5) +a) + 


The series is valid for } € R, so it is valid for 
a2 €R. Hence 


2 =1 44a 4 be? + dette, forceR. 


(c) The Taylor series about 0 for 


aes 
ra 
1 


=l+atat fate. 
1—¢ 


Using this series, and replacing x by 2x, we 
obtain 


: 3 
Toag = 1+ (2) + (22)? + (2a)? +++. 


1 


I is valid 
for —1 <a < 1, the above series is valid for 
=1< 2x <1; that is, for —} <x < }, Hence 

a 
1-2 
(d) The Taylor series about 0 for (1 +2)® is 
1) 


Since the Taylor series about 0 for 


a 


(1+2)° =1l+ar+ 7 x 


= =2 
= la I= 2) oe  ., 
3! 
Using this series, replacing x by 2, and putting 
a= $, we obtain 


4 1 
(140)? =14 $(@)4+$x}x qe") 
1 
+ $x bx (CH) x pete 
Since the Taylor series about 0 for (1 + )°/? is 


valid for 1 < x < 1, the above series is valid for 
1 <a? <1; that is, for —1 < # <1. Hence 


(1+?) =14 $27 + Sat — Bah +e, 


for —1 <2 <1. 


Solution 4.2 


(a) We have 
1 1, 1 
oe Sag nn al ene aiet 
SCatpat ye +37 eee . 
for z € R, and 
1 if 
cose =1— Fa? + Fat Zab ton, 


for « € R. Hence 
e +cosr=2+2+3a74+ batt-, 
for € R. 
(b) We have 


rm (<2) =In(1—2)=In(l-+2). 


=14 20440? +8294--+, for —b<r< 3. () 


Now the Taylor series about 0 for In(1 + 2) is 
In(1 + x) =a — ba? + a8 — tat ye, 
for-l<a<l. 


Replacing x by —a in this series gives 


In(— 2) = —2 — 32? — 42° — tat... 


Since the Taylor series about 0 for In(1 + 2) is 
valid for —1 < x < 1, the above series is valid for 
—1<—wx <1; that is, for —1 <a <1. Hence 


l-« i? 3 4 15 
mn ($2) = (2 — 32? — 32° — tet — p25 --..) 


“(op = Bay Bg? yt 4 deh 6. 
= (2 ga" + 32° — 420* + Be 


= 29 — 243 — 225 — 227 _... 
= —2n — ga" — 5a" — Fr , 


for -1<a2<1. 
We have 


for z € R. 


Multiplying both sides of the above equation by 
1—2 gives 


(1-2)sine = sing — rsinx 


for x € R. Hence 


(1-a)sine=2—2?— da? + dat 4... 


3! 
for 2 € R. 
We have (1+ 2)? = 1+ 2x +, for 2 € R, and 
altet att tate, for cE R. 
So 
(1+ a)?e" 


= (1420+ 2) (1404 52" 


1 
= (i + at pet fet +) 
(+204 at + 529 + --) 
at (#+ e+), 

= 1 +32+ Fe? + Bed +-.-, 
for « € R. Hence 

(1+2)?e* =1432 4 Za? + Bat +..-, 
for x € R. 
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Solution 4.3 
(a) The Taylor series about 0 for e* is 


1 1 
faltet+ setae t-., for x € R. 


Replacing x by 2% we obtain the Taylor series 
about 0 for e”*; 


oP = 14 (22) + (22)? + F(a)? +o 


for 2 € R. 


(b) Since e?* = e* x e” we can obtain the Taylor 
series about 0 for e** by considering 
exe = (1424 527+ 52+) 


Woe 

x (i424 52 +37 OL 
: il 1 
= (1424 je"+ G+) 
+a te} hg? s.r 

aah 

1 ag 1 ag 

+37 (L+a+-+:) + ar penn) 


Po Dag ts 
= (142452 + 37 on ) 


1 3 
2 =z° nee 
+(e+2 +37 - ) 


ee ae ie 
+ (52 aici ae cca etc 


44,83 
i 2! 3! sie 
for c € R. 


This answer agrees with the solution in part (a). 


Solution 4.4 
(a) Using the given Taylor series, 
sinha = a+ Het ashe, for « € R, 
and replacing x by 2x, we obtain the Taylor 
series for sinh(2z): 
1 
sinh(20) = (22) + $-(22)° + ea)? bey, 
for x € R; that is, 
sinh(2x) = 2x + $a° + fee +---, 
for 2 € R. 
(b 


Multiplication of the Taylor series for sinh x and 
cosh x gives 
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sinheossie = («+ ” + a +) 


tear (Lte--)+- 
* IPE Were iene ted 
Het(s ta et (ata ta 


=2t ia + Zar +-, 
for « € R. Hence 
sinh xcosha = a+ 32°+ 2a°+---, forceR. 


(c) Since the Taylor series about 0 for sinh(2x) can 
be written (see part (a)) as 


sinh(2z) =2(¢+ 325+ 22°+...), forreR, 
we can conjecture that 
sinh(2x) = 2sinh «cosh a. 
(This identity is valid.) 
Solution 4.5 
(a) We have 
In(1 +2) =a — 4a? + da* — dat +..-, 
for -l1<ar<1. 


Differentiating both sides gives 


3 3 Fr 
Tg = 17 2X (2x) + § x (Be?) — Fx (42°) +. 
Hence 
1 2 3 
ey ee a ean = iif 
Ee l-2+a°-a" + for -l<2< 


which agrees with the standard Taylor series 
given in the chapter. 


(b) Replacing 2 by 4° in the above series for + : - 
gives 
1 — 2 2)2 2\3 
laa = 1— (4a*) + (4a)? — (4x7)? +--+, 


for —1 < 42* < 1. Now 4a? > —1 for all real «, 
so the condition for validity reduces to 4a? < 1; 
that is, —1 < 2x < 1 or equivalently 
-}<ac<}. 
Hence 
1 

1+ 4a? 

for -4<2<}. 


=1-427 + 1624 — 642°+-.., 


(c) We have 


arctan(2x) = af dx 


a 
1+ 42? 
=2 [1 42? + 1604 642" + ---) dr 

for —} <x < }, by part (b). Hence 
arctan(2z) = e+2(a—-$2° + 


When x = 0 we have arctan(2x) = 0, so c= 0, 
Thus 


arctan(2x) = 2x — $a° + 29° — 12827 +..., 
for -}.<2<h. 
Solution 4.6 
(a) The binomial series for (1 + x)* is 
(l+a)° =1l+ar+ ale), 


a(a=1)(a-2) 4 
2 3I sila aha 
for -1<a@<1. 


Setting a = —} and replacing x by (~2*) gives 
1 


=14 (4) (24) + HCD any 


+ CP CD CD 2094..., 


for -1< -2? <1. 


Now —2? < 1 for all x, so the condition for 
validity reduces to —1 < —2*. This is equivalent 
to 2? < 1 or equivalently —1 < x < 1. Hence 
2 
vi-2 
for-1<a2<1. 
(b) We have 


arccos 2 = -f 


So, by part (a), 


arcoose = — f (14 $a? + fat + ha" +) de 


=1+ 427+ $2t+ Soo +---, 


=c— (xt ha%+ Sa°+ Sa7+--), 
for -l<2<l. 
When « = 0 we have arccosr = 47, so c= 37. 
Hence 


=1ly—2—123 — 325 ~ Sg’... 
arccosr = 5% — 2% — g@* — fox" — 757 5 


for -1<a<1. 
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